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Excitonic density-wave states realized by the quantum condensation of electron-hole pairs (or
excitons) are studied in the two-band Hubbard model with Hund’s rule coupling and the pair
hopping term. Using the variational cluster approximation, we calculate the grand potential of
the system and demonstrate that Hund’s rule coupling always stabilizes the excitonic spin-density-
wave state and destabilizes the excitonic charge-density-wave state and that the pair hopping term
enhances these effects. The characteristics of these excitonic density-wave states are discussed using
the calculated single-particle spectral function, density of states, condensation amplitude, and pair
coherence length. Implications of our results in the materials’ aspects are also discussed.
PACS numbers: 71.10.Fd, 71.35.-y, 75.30.Fv, 71.30.+h
I. INTRODUCTION
The excitonic phases, often referred to as the excitonic
insulator states or excitonic density-wave states, are de-
scribed by the quantum condensation of excitons, which
were predicted to occur in a small band-gap semiconduc-
tor or a small band-overlap semimetal.1–3 The exciton
condensation in semimetallic systems can be described
in analogy with the BCS theory of superconductors, and
that in semiconducting systems can be discussed in terms
of the Bose-Einstein condensation (BEC) of preformed
excitons.4 The crossover phenomena between the BCS
and the BEC states are then expected to produce rich
physics in the field of quantum many-body systems. The
excitonic phases are characterized by an order parameter
〈c†k+Qσfkσ′〉, where c†kσ and f †kσ are the creation opera-
tors of an electron in the conduction and valence bands,
respectively. If the valence-band top and conduction-
band bottom are separated by the wave vector Q, the
system shows the density wave with modulation Q.2,3
A number of candidate materials for the excitonic
phases have been discovered. It was claimed that
Tm(Se,Te) shows a transition into the excitonic insu-
lator state by applying pressure.5 The weak ferromag-
netism of Ca1−xLaxB6 was interpreted in terms of a
doped spin-triplet excitonic insulator.6–8 Recently, the
phase transition of a layered chalcogenide Ta2NiSe5 has
been attributed to a realization of the spin-singlet ex-
citonic insulator and has attracted much experimental
and theoretical attention.9–12 The charge-density wave
(CDW) of 1T -TiSe2 has also been claimed to be of the
excitonic origin.13–16 The spin-density wave (SDW) state
of iron pnictide superconductors has sometimes been ar-
gued to be of the excitonic origin as well.17–19 It was
proposed that the condensation of spin-triplet excitons
can occur in the proximity of a spin-state transition;20
Pr0.5Ca0.5CoO3 is an example.
21
In this paper, motivated by the above development
in the field, we study the stability of the excitonic
density-wave states in the two-band Hubbard model
where Hund’s rule coupling J , the pair hopping term
J ′, as well as the interorbital Coulomb repulsion U ′ are
taken into account in addition to the standard intraor-
bital Hubbard repulsion U . It is known that the interor-
bital repulsion U ′ induces the excitonic instability in the
system,19,22 but the condensations of the spin-singlet and
spin-triplet excitons are exactly degenerate unless Hund’s
rule coupling, the pair hopping term, or electron-phonon
coupling are taken into account. Thus, we here study the
roles of Hund’s rule coupling and the pair hopping term
played in the excitonic density wave of which not much
is known so far.
We first rewrite the interorbital interaction terms of
the Hamiltonian in terms of the creation and annihila-
tion operators of the spin-singlet and spin-triplet exci-
tons. We then show that the interorbital repulsion U ′
actually leads to the exciton formation in both the spin-
singlet and the spin-triplet channels and that Hund’s rule
coupling always lowers the energy of the spin-triplet ex-
citon and raises the energy of the spin-singlet exciton.
The variational cluster approximation (VCA)23,24 is then
used to study the two-band Hubbard model in detail, and
we show that Hund’s rule coupling and the pair hopping
term always stabilize the excitonic SDW state and desta-
bilize the excitonic CDW state. The characteristics of
these excitonic density-wave states will moreover be ex-
amined using a variety of calculated physical quantities,
including the single-particle spectral function, density of
states (DOS), condensation amplitude, and pair coher-
ence length. Consequences of the present results on the
excitonic density-wave states of a variety of materials will
also be discussed.
This paper is organized as follows: In Sec. II, the model
and method of calculations will be given. In Sec. III, the
results of calculations for various physical quantities will
be presented. Summary and discussion will be given in
Sec. IV.
II. MODEL AND METHOD
A. The two-band Hubbard model
We consider the two-band Hubbard model defined by
the Hamiltonian,
H =− t
∑
〈i,j〉
∑
σ
∑
α
α†iσαjσ −D
∑
i
(nif − nic)
+ U
∑
i
∑
α
niα↑niα↓ + U
′
∑
i
nifnic
− 2J
∑
i
(
Sif · Sic + 1
4
nifnic
)
− J ′
∑
i
(
f †i↑f
†
i↓ci↑ci↓ + c
†
i↑c
†
i↓fi↑fi↓
)
, (1)
2where α†iσ (= f
†
iσ, c
†
iσ) denotes the creation operator of
an electron with spin σ (=↑, ↓) on the α (= f, c) orbital
at site i and niα = niα↑ + niα↓ = α
†
i↑αi↑ + α
†
i↓αi↓. t is
the hopping integral between the same orbitals on the
neighboring sites, and D is the level splitting between
the two orbitals. U and U ′ are the intra- and interorbital
Coulomb repulsions, respectively, between electrons and
J and J ′ are the strengths of Hund’s rule coupling and
the pair hopping term, respectively. Note that J = J ′
in the standard two-orbital Hubbard model, but when
necessary we retain only Hund’s rule coupling by setting
J ′ = 0 to examine the role of the pair hopping term.
Throughout the paper, we assume the filling of two elec-
trons per site (or half-filling), i.e., 〈nf 〉+ 〈nc〉 = 2, where
〈nα〉 =
∑
i,σ〈niασ〉/N .
The Hamiltonian Eq. (1) in the spinless case with
U = J = J ′ = 0 is equivalent to the extended Falicov-
Kimball model with dispersive c and f electrons of which
the excitonic insulator state has been studied much in
detail.25–29 The excitonic phases in the two-band Hub-
bard model without Hund’s rule coupling and the pair
hopping term (J = J ′ = 0) have also been studied
recently19,22 where it was shown that the model exhibits
three ground-state phases: (i) the band insulator (at
U ′, D ≫ U, J), where 〈nf 〉 = 2 and 〈nc〉 = 0, (ii) the an-
tiferromagnetic Mott insulator (at U, J ≫ U ′D), where
〈nf 〉 = 〈nc〉 = 1, and (iii) the excitonic density-wave
state between the above two phases, where 2 > 〈nf 〉 >
1 > 〈nc〉 > 0. However, although many studies have been
performed on the multiband Hubbard models, recently in
relation to iron pnictide superconductors,30–33 the exci-
tonic density-wave states in the two-band Hubbard model
with Hund’s rule coupling have not been studied in de-
tail; only a recent dynamical mean-field theory (DMFT)
calculation20,21 is noticed.
To see the stability of the spin-singlet and spin-triplet
excitons, let us introduce the creation operators of the
spin-singlet and spin-triplet excitons, respectively, which
are defined as
A0i
†
=
1√
2
∑
σ
c†iσfiσ, Ai
† =
1√
2
∑
σσ′
c†iσσσσ′fiσ′ , (2)
where σ is the vector of the Pauli matrices. Using the
spin-singlet and spin-triplet exciton operators thus de-
fined, the interorbital Coulomb repulsion term can be di-
vided exactly into the spin-singlet and spin-triplet terms
as
U ′nifnic = −U ′A0i
†
A0i − U ′A†i ·Ai. (3)
Therefore, the formation of excitons lowers the energy of
the system in both the spin-singlet and the spin-triplet
channels by the same amount. Hund’s rule coupling and
the pair hopping terms can also be rewritten exactly as
−JSif · Sic = 3J
4
A0i
†
A0i −
J
4
A
†
i ·Ai, (4)
−J ′c†i↑c†i↓fi↑fi↓ =
J ′
4
A0i
†
A0i
† − J
′
4
A
†
i ·A†i . (5)
Therefore, due to the Hund’s rule coupling term, the for-
mation of the spin-triplet (spin-singlet) excitons always
lowers (raises) the energy of the system, thus lifting the
degeneracy that occurs at J = J ′ = 0. The pair hopping
term can also be divided into the spin-singlet and spin-
triplet terms as in Eq. (5), which are of the off-diagonal
form.
B. Variational cluster approximation
We use the VCA,23,24 which is a quantum cluster
method based on the self-energy functional theory,34
and solve the quantum many-body problem defined in
Eq. (1). Note that, unlike in DMFT, we can taken into
account the effects of short-range spatial electron correla-
tions precisely in this approach. The VCA introduces the
disconnected finite-size clusters that are solved exactly to
obtain the exact self-energy of the clusters Σˆ′ with which
a superlattice is formed as a reference system. The ma-
trices are indicated by a ˆ hereafter. By restricting the
trial self-energy to Σˆ′, we obtain an approximate grand
potential of the original system,
Ω = Ω′ − 1
N
∮
C
dz
2pii
∑
K,σ
ln det
[
Iˆ − Vˆσ(K)Gˆ′σ(z)
]
, (6)
where Ω′ is the grand potential of the reference system,
Iˆ is the unit matrix, Vˆ is the hopping matrix between
adjacent clusters, and Gˆ′ is the exact Green’s function
of the reference system. The K summation is performed
in the reduced Brillouin zone of the superlattice, and the
contour C of the frequency integral encloses the negative
real axis. Details of the VCA can be found in Refs. [35,
36].
To study the symmetry-breaking phases in the VCA,
we introduce the Weiss fields as variational parameters.
The variational Hamiltonian for the excitonic CDW and
SDW states are then defined as
H′CDW = H+∆′0
∑
i,σ
eiQ·ri
(
c†iσfiσ +H.c.
)
, (7)
H′SDW = H +∆′z
∑
i,σ
σeiQ·ri
(
c†iσfiσ +H.c.
)
, (8)
respectively, where ∆′0 is the Weiss field for condensa-
tion of the spin-singlet excitons and ∆′z is the z com-
ponent of the Weiss field for condensation of the spin-
triplet excitons. The variational parameters ∆′0 and
∆′z are optimized on the basis of the variational prin-
ciple, i.e., ∂Ω/∂∆′0 = 0 for the excitonic CDW state and
∂Ω/∂∆′z = 0 for the excitonic SDW state. The solutions
with ∆′0 6= 0 and ∆′z 6= 0 correspond to the excitonic
CDW and SDW states, respectively.
We solve the eigenvalue problem H′|ψ0〉 = E0|ψ0〉
of a finite-size (Lc sites) cluster to obtain the ground
state, and we calculate the trial Green’s function by the
Lanczos exact-diagonalization method. Using the ba-
sis Ψ†i = (f
†
iσ, c
†
iσ), the Green’s-function matrix Gˆ
′
σ in
Eq. (6) may be written as
Gˆ′σ(ω) =
(
Gˆ′ffσ (ω) Gˆ
′fc
σ (ω)
Gˆ′cfσ (ω) Gˆ
′cc
σ (ω)
)
, (9)
where Gˆ′αβσ is an Lc×Lc matrix and each matrix element
3is defined as
G′αβij,σ(ω) = 〈ψ0|αiσ
1
ω −H′ + E0 β
†
jσ|ψ0〉
+ 〈ψ0|β†jσ
1
ω +H′ − E0αiσ|ψ0〉. (10)
The matrix Vˆ in Eq. (6) is given as
Vˆσ(K) =
(
Tˆ (K) −∆′σ Iˆ
−∆′σ Iˆ Tˆ (K)
)
, (11)
where Tˆ (K) is the intercluster hopping ma-
trix with the matrix elements Tij(K) =
−t∑X,x eiK·Xδi+x,jδR+X,R′ . Here, x denotes the
neighboring site of the i th site, and X denotes the
neighboring cluster of the R th cluster. ∆′σ = ∆
′
0 for the
excitonic CDW state, and ∆′σ = σ∆
′
z for the excitonic
SDW state.
In our VCA calculation, we assume the two-
dimensional square lattice and use an Lc = 2×2 = 4 site
(eight-orbital) cluster as the reference system. We set
D/t = 3.2 so that the noninteracting tight-binding band
structure is a semimetal with a small band overlap. The
band structure has an electron pocket at k = (0, 0) and
a hole pocket at k = (pi, pi) of the Brillouin zone. Hence,
the modulation vector of the density waves is given by
Q = (pi, pi). Throughout the paper, we assume the rela-
tion U ′ = (U + J)/2 between the interaction parameters
so that the Hartree shift can be suppressed. The stan-
dard choice U ′ = U − 2J (with J ′ = J) valid in the
atomic limit37–39 has also been used to check that the
essential features obtained in the present paper do not
change (see the Appendix). We moreover assume the
value U/t = 8 at which the excitonic density-wave state
is stabilized between the band-insulator and the Mott-
insulator states.22
III. RESULTS OF CALCULATION
A. Stability of the excitonic density waves
First, let us examine the stability of the excitonic CDW
and SDW states using the grand potential. In Fig. 1(a),
we show the calculated grand potentials of the excitonic
CDW and SDW states as a function of the variational
parameter ∆′. We find that the grand potential has
the stationary points at ∆′ = 0 and ∆′ 6= 0, and the
latter is lower in energy, indicating that the excitonic
density-wave states are thermodynamically stable. At
J = J ′ = 0, the grand potentials of the excitonic CDW
and SDW states are exactly degenerate [see Fig. 1(a)],
but Hund’s rule coupling J and pair hopping term J ′ lift
this degeneracy. The optimized values of the grand po-
tential as a function of J (=J ′) are shown in Fig. 1(b)
where we find that, with increasing J (and J ′), the en-
ergy of the excitonic SDW state decreases, but the energy
of the excitonic CDW state increases and approaches the
energy of the normal semimetallic state. Therefore, the
excitonic SDW (CDW) state is stabilized (destabilized)
by J and J ′. In Fig. 1(c), we show the optimized values
of the grand potentials in the presence (J ′ = J) and ab-
sence (J ′ = 0) of the pair hopping term where we find
FIG. 1: (Color online) (a) Calculated grand potentials for the
excitonic CDW and SDW states as a function of the vari-
ational parameter ∆′ (= ∆′0,∆
′
z
) at J/t = J ′/t = 0, 0.25,
0.5, 0.75, and 1. Ω0 is the grand potential in the normal
(semimetallic) state. The crosses and dots indicate the sta-
tionary points of the excitonic CDW and SDW states, respec-
tively. (b) J (= J ′) dependence of the grand potential at the
stationary point for the normal (or semimetallic), excitonic
CDW, and SDW states. (c) Optimized values of the grand
potentials in the presence (J ′ = J) and absence (J ′ = 0) of
the pair hopping term. (d) J dependence of the order param-
eters of the excitonic CDW and SDW states in the presence
(J ′ = J) and absence (J ′ = 0) of the pair hopping term.
that the stability of the excitonic SDW (CDW) state is
enhanced (suppressed) by pair hopping term J ′.
We also calculate the order parameters of the excitonic
CDW and SDW states. Here, we introduce the quanti-
ties Φ0 and Φz for the excitonic CDW and SDW order
parameters, respectively, which are defined as
Φ0 =
1
2N
∑
k
∑
σ
〈c†k+Qσfkσ〉, (12)
Φz =
1
2N
∑
k
∑
σ
σ〈c†k+Qσfkσ〉. (13)
The calculated results for Φ0 and Φz are shown in
Fig. 1(d) in the presence (J ′ = J) and absence (J ′ = 0)
of the pair hopping term. We find that Φz is enhanced
with J (and J ′) and Φ0 is suppressed with J (and J
′),
which are in accordance with the stability of the excitonic
CDW and SDW states evaluated from the behaviors of
the calculated grand potentials. Thus, we may state that
Hund’s rule coupling stabilizes the excitonic SDW state
and destabilizes the excitonic CDW state. As seen in
Figs. 1(c) and 1(d), we may moreover state that the pair
hopping term enhances the stability of the excitonic SDW
state and suppresses the stability of the excitonic CDW
state.
4FIG. 2: (Color online) Single-particle spectral function
A(k, ω) and DOS Nα(ω) calculated by CPT at J/t = J
′/t =
0.5. We show the results for the excitonic CDW state
(metastable) in (a) and (c) and for the excitonic SDW state
(stable) in (b) and (d). In (c) and (d), the solid, dashed,
and dotted lines indicate the f orbital, c orbital, and total
DOSs, respectively. The artificial Lorentzian broadening of
η/t = 0.15 is used for A(k, ω) and η/t = 0.05 is used for
Nα(ω). The Fermi level is located at ω = 0.
B. Single-particle spectral function
Next, let us calculate the Green’s function at the op-
timized values of the variational parameters using the
cluster perturbation theory (CPT).40 The Green’s func-
tion is defined as
Gˆσ(k,k′, ω) = 1
Lc
Lc∑
i,j=1
GˆCPTij,σ (k, ω)e
−ik·ri+ik
′·rj , (14)
where GˆCPTσ (k, ω) =
[
Gˆ′−1σ (ω) − Vˆσ(k)
]−1
. Using this
Green’s function, the single-particle spectral function is
defined as
A(k, ω) = − 1
pi
∑
α,σ
Im Gαασ (k,k, ω + iη), (15)
where η gives the artificial Lorentzian broadening to the
spectrum. We also calculate the DOS for the α (= f, c)
orbital, which is defined as
Nα(ω) = − 1
piN
∑
k
∑
σ
Im Gαασ (k, ω + iη). (16)
In Fig. 2, we show the calculated single-particle spec-
tral function A(k, ω) and DOS Nα(ω); the results for
the metastable CDW state [see Figs. 2(a) and 2(c)] and
stable SDW state [see Figs. 2(b) and 2(d)] obtained at
J/t = J ′/t = 0.5 are shown. We find that, although a
semimetallic state with a small band overlap is assumed
as the noninteracting band structure, the valence band
around k = (pi, pi) is hybridized with the conduction band
around k = (0, 0) due to the spontaneous c-f hybridiza-
tion (or exciton condensation), leading to the opening
FIG. 3: (Color online) Calculated DOSs for the (a) excitonic
CDW state and (b) excitonic SDW state at J/t = J ′/t = 0.5.
Solid and dashed lines indicate the DOSs of the A and B
sublattices, respectively. The Lorentzian broadening of η/t =
0.05 is used. The vertical line indicates the Fermi level.
of the band gap at the Fermi level. At J = J ′ = 0,
the single-particle excitation gap ∆g is estimated to be
∆g/t = 1.47. We find that, in agreement with the change
in the order parameters, the single-particle gap in the ex-
citonic CDW state, e.g., ∆g/t = 0.76 at J/t = J
′/t = 0.5,
is suppressed in comparison with the J = J ′ = 0 case [see
Figs. 2(a) and 2(c)]. We also find that the single-particle
gap in the excitonic SDW state, e.g., ∆g/t = 1.81 at
J/t = J ′/t = 0.5, is enhanced in comparison with the
J = J ′ = 0 case [see Figs. 2(b) and 2(d)]. We moreover
find in Figs. 2 (c) and 2(d) that the sharp coherence peak
appears at the edges of the gap and that the coherence
peak of the SDW state is sharper than that of the CDW
state, indicating that the spontaneous c-f hybridization
in the excitonic SDW (CDW) state is enhanced (sup-
pressed) by Hund’s rule coupling and the pair hopping
term. We note that no significant differences are found
in the behaviors of Nα(ω) discussed above, even if we
switch off the pair hopping term, retaining only Hund’s
rule coupling.
In order to see the character of the excitonic density-
wave states, we calculate the DOS of the A and B sub-
lattices. The sublattice Green’s function is given by
GˆXσ(k, ω) = 2
Lc
∑
i,j∈X
GˆCPTij,σ (k, ω)e
−ik·(ri−rj) (17)
with X = A or B. Using this sublattice Green’s function,
the DOS of the A or B sublattices is defined as
NXσ(ω) = − 1
piN
∑
k
∑
α,β
Im GαβXσ(k, ω + iη). (18)
In Fig. 3(a), we show the calculated DOS for the ex-
citonic CDW state at J/t = J ′/t = 0.5. We note that,
below the Fermi level (ω < 0), the up- and down-spin
DOSs are the same and the DOS of the A sublattice is
larger than that of the B sublattice: NA↑(ω) = NA↓(ω) >
NB↑(ω) = NB↓(ω). We also note thatNAσ(ω) ≃ NBσ(ω)
far away from the Fermi level and that the coherence peak
appears in the DOS of the A sublattice just below the
Fermi level, where NAσ(ω) > NBσ(ω). Using the order
parameter Φ0, the local number of electrons is given by
ni = 1 + 2Φ0 cos (Q · ri). At J/t = J ′/t = 0.5, we have
5FIG. 4: (Color online) Condensation amplitude F (k) [= F0(k) or Fz(k)] calculated by CPT. We show the results for (a) the
CDW state at J/t = J ′/t = 1.0 (metastable), (b) the CDW/SDW states at J = J ′ = 0 (degenerate), and (c) the SDW state
at J/t = J ′/t = 1.0 (stable).
Φ0 = 0.11, and thus the local numbers of the electrons on
each sublattice are given by nA↑ = nA↓ = 1+2Φ0 = 1.22
and nB↑ = nB↓ = 1 − 2Φ0 = 0.78. We therefore find
that, due to the effect of Hund’s rule coupling and the
pair hopping term, Φ0 is suppressed and thus the ex-
citonic CDW modulation in real space becomes rather
weak.
In Fig. 3(b), we show the calculated DOS for the ex-
citonic SDW state at J/t = J ′/t = 0.5. We note that,
below Fermi level, the up-spin DOS of the A (B) sublat-
tice is equal to the down-spin DOS of the B (A) sublat-
tice and that the up-spin DOS of the A (B) sublattice
is larger (smaller) than the down-spin DOS of the A (B)
sublattice: NA↑(ω) = NB↓(ω) > NA↓(ω) = NB↑(ω). We
also note that the DOS has a large gap and a sharp co-
herence peak appears at the edge of the DOS. Using the
order parameter Φz , the local magnetization is given by
mi = 2Φz cos (Q · ri). At J/t = J ′/t = 0.5, we have
Φz = 0.20, and thus the local numbers of electrons on
each sublattice are given by nA↑ = nB↓ = 1+2Φz = 1.40
and nA↓ = nB↑ = 1 − 2Φz = 0.60. We therefore find
that, due to the effect of Hund’s rule coupling and the
pair hopping term, Φz is enhanced, and thus the excitonic
SDW modulation in real space becomes rather strong.
C. Condensation amplitude and coherence length
In order to see the character of the exciton conden-
sation in momentum space, we calculate the condensa-
tion amplitude (or the anomalous momentum distribu-
tion function). Using the off-diagonal (or anomalous)
Green’s function given in Eq. (14), the condensation am-
plitudes for the spin-singlet and spin-triplet excitons are
defined as
F0(k) =
1
2
∑
σ
∮
C
dz
2pii
Gcfσ (k,k +Q, z), (19)
Fz(k) =
1
2
∑
σ
σ
∮
C
dz
2pii
Gcfσ (k,k +Q, z), (20)
respectively. Note that we here use the term “anoma-
lous” to indicate that the number of electrons on each of
the c and f orbitals is not conserved due to the excitonic
condensation, although the total number of electrons is
conserved.
We show the calculated results in Fig. 4 for the exci-
tonic CDW and SDW states. We find that, with increas-
ing J (= J ′), the peak of F0(k) at the Fermi momentum
kF becomes sharper in the CDW state [see Fig. 4(a)] and
that the peak of Fz(k) at kF becomes broader in momen-
tum space in the SDW state [see Fig. 4(c)]. The sharp
(broad) peak of F (k) [= F0(k) or Fz(k)] in momentum
space indicates that the spatial extension of the electron-
hole pair becomes large (small) in real space. We note
that no significant differences are found in the behavior
of F (k), even if we set J ′ = 0 retaining only Hund’s rule
coupling.
Using F (k), we evaluate the pair coherence length ξ,
which corresponds to the spatial size of the electron-hole
pair and may be defined by26,28,29
ξ2 =
∑
k |∇kF (k)|2∑
k |F (k)|2
. (21)
In Fig. 5, we show the calculated results for the spin-
singlet excitons (ξ0) and spin-triplet excitons (ξz) as a
function of J . We find that, with increasing J (= J ′), ξ
for the spin-singlet (triplet) excitons increases (decreases)
monotonically. Thus, the size of the spin-singlet exciton
becomes larger than the lattice constant (ξ0 > 1) for
larger J values, indicating the crossover from the tightly
paired BEC state to the weakly paired BCS state. The
spin-triplet excitons, on the other hand, are paired more
tightly, and the size is always smaller than the lattice
constant in the parameter space examined. We also find
in the inset of Fig. 5 that the above tendencies induced
by Hund’s rule coupling are again enhanced by the pair
hopping term.
IV. SUMMARY AND DISCUSSION
To summarize, we have studied the stability of the exci-
tonic density-wave states in the two-band Hubbard model
with the interorbital Coulomb interaction U ′, Hund’s
rule coupling J , pair hopping term J ′, as well as the
intraorbital Hubbard interaction U . We have rewrit-
ten the interorbital interactions of the Hamiltonian in
terms of the creation and annihilation operators of the
spin-singlet and spin-triplet excitons and examined the
roles of these interactions. We have thereby shown that
the U ′ term drives the formation of excitons in both
the spin-singlet and the spin-triplet channels, and the
6FIG. 5: (Color online) Calculated pair coherence length ξ
in units of the lattice constant. J (= J ′) dependence of ξ is
shown for the spin-singlet (open circles) and spin-triplet (solid
circles) exciton condensations. The inset shows the results in
the absence of the pair hopping term J ′ = 0 (open and solid
squares), which are compared with the results in the presence
of the pair hopping term J ′ = J (open and solid circles).
J term stabilizes (destabilizes) the formation of the spin-
triplet (spin-singlet) excitons. Using the VCA to calcu-
late the grand potential of the system in the thermody-
namic limit, we have moreover shown that Hund’s rule
coupling always stabilizes the excitonic SDW state and
destabilizes the excitonic CDW state of which the ten-
dencies are enhanced by the pair hopping term. A vari-
ety of physical quantities has also been calculated, which
include the single-particle spectral function, density of
states, anomalous Green’s functions, condensation am-
plitude, and pair coherence length. We have thus char-
acterized the excitonic CDW and SDW states in detail.
Finally, let us discuss the experimental implications of
our results obtained in this paper. At first sight, the con-
densations of the spin-singlet excitons possibly observed
in 1T -TiSe2 (Refs. [13–16]) and Ta2NiSe5 (Refs. [9–12])
seem to contradict the stability of the spin-triplet exci-
tons in the presence of Hund’s rule coupling. However,
in these materials, the valence and conduction bands are
formed by the orbitals located on different atoms, i.e.,
the 4p orbitals of Se ions for the valence bands and the
3d orbitals of Ti ions for the conduction bands in 1T -
TiSe2,
13 and the 3d orbitals of Ni ions for the valence
bands, and the 5d orbitals of Ta ions for the conduction
bands in Ta2NiSe5,
11 and therefore Hund’s rule coupling
acting between electrons on different orbitals in a single
ion does not work to stabilize the condensation of the
spin-triplet excitons. We anticipate that in these materi-
als the electron-phonon coupling should work to stabilize
the condensation of the spin-singlet excitons as was dis-
cussed in Refs. [11,15,16]. In the excitonic SDW states
possibly observed in, e.g., iron pnictide superconductors
and Co oxide materials, on the other hand, Hund’s rule
coupling rather than the electron-phonon coupling should
work to stabilize the condensation of the spin-triplet ex-
citons as we have shown in this paper. We may there-
fore suggest that the competition between Hund’s rule
coupling and electron-phonon coupling in the stability of
excitonic condensations (or excitonic density-wave for-
FIG. 6: (Color online) (a) The number of the conduction-band
electrons 〈nc〉 (or the valence-band holes) as a function of J/t
in the normal state (or ∆′ = 0), which is obtained using the
atomic-limit relation U ′ = U−2J with U/t = 5, D/t = 2, and
J ′ = 0. (b) Calculated grand potentials of the excitonic CDW
and SDW states as a function of the variational parameter ∆′
(= ∆′0,∆
′
z
), which are obtained using the atomic-limit rela-
tion U ′ = U−2J with U/t = 5, J/t = J ′/t = 0.5 andD/t = 2.
The crosses and circles indicate the stationary points of the
excitonic CDW and SDW states, respectively.
mations) will be of great interest in future studies.
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Appendix A: Use of the atomic-limit relation
In the main text, we have assumed the relation U ′ =
(U + J)/2 between the interaction parameters. In this
Appendix, we present some results obtained in a different
choice of the relation, i.e., U ′ = U − 2J , which is valid
in the atomic limit,37–39 and show that the essential fea-
tures of our results do not alter.
In the BCS-like mean-field theory applied to our model
Eq. (1), the diagonal terms of the mean-field Hamilto-
nian are given by εf (k) = −εc(k) = −2t
∑d
i cos ki−D+
n(U/2 − U ′ + J/2) with n = 〈nifσ〉 − 〈nicσ〉, and the
off-diagonal term gives the spontaneous c-f hybridiza-
tion (or excitonic condensation).11 The Hartree shift
n(U/2−U ′+J/2) appears in this expression. Depending
on the values of U , U ′ and J , we therefore find, e.g., the
Mott-insulator state at U ′ ≪ (U + J)/2 and the band-
insulator state at U ′ ≫ (U + J)/2,19,22 which are due
simply to the effect of the Hartree shift.
The effects of this Hartree shift can be suppressed com-
pletely if we assume the relation U ′ = (U + J)/2 as in
the main text. However, if we assume the atomic-limit
relation U ′ = U−2J , the change in the parameter values,
e.g., J , leads to the change in the overlap of the valence
and conduction bands and hence to the change in the
number of conduction-band electrons (and valence-band
holes) as shown in Fig. 6(a). This gives an additional
complexity to our calculations because in this paper we
just want to focus on the relative stability of the exci-
7tonic CDW and SDW states in the presence of Hund’s
rule coupling and the pair hopping term.
Our assumption of the use of the relation U ′ = (U +
J)/2 may be justified if the essential features obtained
in the main text do not differ from the results obtained
using the atomic-limit relation U ′ = U−2J . In Fig. 6(b),
we show the grand potentials as a function of the vari-
ational parameter ∆′ calculated using the atomic-limit
relation U ′ = U − 2J where we actually find that the re-
sults are nearly the same as the results shown in Fig. 1(a)
in the main text. Therefore, we may safely state that the
essential features obtained in the main text do not alter
in the different choice of the parameter set.
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